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A S Y M M E T R I C  C O N D I T I O N S  W I T H  A N D  W I T H O U T  

C O M B U S T I O N  

S. K. Voronov and T. A. Girshovich UDC 532.517.4 

A solution of the problem obtained with the method of integral relations is given here. It is obtained in the 

form of simple algebraic formulas for the boundaries of the mixing zones on both sides of the jet, the position 

of the flame front, and the axis of the jet at the end of the initial section. It is found that asymmetry of the 

boundary conditions has a substantial effect on the characteristics of the jet." the position of the axis of the 

jet at the end of the initial section can change its sign, depending on the temperature ratio at the boundaries 

of the jet and for given ratios of the velocity at the boundaries of the jet to the velocity of the jet outflow, the 

length of the initial section can change several fold. 

Development of a gasdynamic theory and perfection of the methods for calculation of the primary zone in 

the combustion chamber  as well as working out of recommendations for updating prospective schemes of gas-turbine 

plants of different types require solution of some gasdynamic problems on the flow in the primary zone with and 

without combustion. One such problem is a plane nonisothermal jet developing in asymmetric conditions with and 

without combustion. 

At present there are only works on the theory of combustion of an axisymmetric flame with the same 

conditions at its boundary,  which does not correspond to the flow pattern in the primary zone of the combustion 

chamber, where the fuel gas is supplied from the nozzle as a radial jet that is t ransformed subsequently into a 

circular jet. Between this jet and the wall there is a circular air flow from the swirler, and in the center a weak 

circulating flow of combustion products appears due to ejection of a transverse jet in the downstream flow. Thus, 

the circular jet of fuel develops under  asymmetric conditions and the flame front exists only on one side, on the 

side of the air flow. General ly  speaking, if not all of the oxygen was used in combustion, it can get into the reverse 

flow and a second flame front can arise on the side of the flow of combustion products. In any case combustion 

occurs in substantially asymmetric conditions. 

With the radius of the chamber  R c exceeding substantially the thickness of the circular jet, we can assume 

that Rc ~ ~ and consider not a circular but a plane jet with different conditions on its upper (on the side of the 

oxidant) and the lower (on the side of circulating combustion products) boundaries. 

Now we will consider  a solution of the problem on the initial plane nonisothermal jet developing in 

asymmetric conditions with and without combustion with the method of integral relations. 

1. Let the jet flow out of an infinitely long slot of width b0 with velocity u 0 and temperature T o into a space 

in which from the one side a flow moves with velocity Ual and temperature TOl and from the other, a flow moves 

with the velocity u32 and temperature Ta2. Since the conditions at the boundaries of the jet are different, mixing 

zones are developed in different conditions and at the end of the initial section the boundaries of the core converge 

to a point not on the line y = 0 emerging from the center of the slot but on some other  line that should be determined 

in the process of solution, i.e., in this case the axis of the jet does not coincide with the line yo(x). A schematic 

diagram of the initial section of the jet developing in asymmetric conditions is shown in Fig. la. 

It is assumed that in the initial section the velocity and temperature profiles are similar and described by 

known expressions, in this case for description of the flow it is necessary to determine five quantities, namely, Yl 1, 
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Fig. 1. Schemic diagram of a jet with asymmetric boundary conditions: a) 

nonisothermal jet; b) jet with a combustion flame. 

Y21, Y12, 3;22, and YO. In accordance with the method of integral relations one can use two integral conditions of 

conservation of excess momentum of the jet in two parts of the jet developing in different conditions and two 

respective integral energy equations. For determination of Yo one can use the condition that the boundaries of the 

potential core in the upper and lower zones converge at a point. Since the pressure across the jet may be assumed 

constant, the velocity in the potential core of the jet is also invariable, and it follows from the continuity equation 

that the transverse velocity is zero over the whole region of the potential core. Integral relations for determination 

of four boundaries of the mixing zones have the form [1 ]: 

d Yl i(x) 
d--x f p u  (u - uai ) dy  = O , 

0 

d Yli Yli 0 (U -- U3i ) 
d---x f pu (u - U6i) 2 dy  = 2 f pu'v' Oy 

YO Yo 

dy 

(i = 1 for the upper part of the jet and i = 2 for its lower part). 

The boundary conditions were used in derivation of the integral relations: 

0---u-u = 0 when Y = Yli ; u = uai ,  Oy 

(1.1) 

(1.2) 

Ou 
u = u 0,  - -  = 0 when Y = Y2i. Oy 

It will be assumed that in the cross-sections of the mixing zones the velocity profiles are similar and 

described by a third-power polynomial, whose coefficients are determined from boundary conditions (1.2), i.e., 

u - u a  / _ f ( r l i )  = 1 - 3~//2 + 2 @ ,  ( 1 . 3 )  
u 0 -- u3i 

where 

Y - Y2i (1.4) 
r/i = ~ .  

After some transformations, substitution of Eqs. (1.3) and (1.4) in Eq. (1.1) gives two ordinary differential 

equations 
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Here 

d{Y2i+Si[m.r41i+(l-mi) A2i ] } = 0  dx 
d dx [ Y2i + 5imiA2i + 5i(1 - mi) Aai I = ( -  1) i+1 2(1  - mi) fl2Bi . 

1 1 

All= f pp~--of (r]i) dr]i , J2i = f p-p~-OO? (r]i) dr]i , 
0 0 

1 1 

A3i = f P-~O0 ? (r]i) dr]i, Bi = f ~ /,3 (r]i) dr]i 
0 o 

and it is taken into consideration that 

(1.5) 

(1.6) 

('~ (1.7) 

(in the upper mixing zone a positive fluctuation v' induces a positive fluctuation u', i.e., u'v' > 0 and in the lower 

mixing zone u'v' < O, since a negative fluctuation v' induces a positive fluctuation u' and vice versa). 

Since the mixing zones are not connected with each other and develop in different conditions, it seems 

reasonable to assume that the mixing lengths in these zones are different but their ratio to the corresponding width 

of the mixing zone is constant and the same: 

li 
= ft .  (1.8) 

Integration of Eq. (1.5) in x with the conditions 

Yo=O, Y2i=---0.5, 5 i = 0  when x =0  

and subsequent solution of the obtained algebraic equations relative to 5i and Y2i give 

flZx 

9o32i)(m miAli + (1 - mi) A2i' i) i+l ( -  

(1.9) 

Y2i= (-- 1)i+l [0.5 9oflTi) fl2X] , 

where 

9O (mi) _ 2 (1 - mi) B i [m.r, tl2 + (1 - mi) A2i] (1.10) 

f12 m i (A2i -- Ali ) + (1 mi) (A3i -- A2i ) 

With the help of Eq. (1.9) one can find the length of the initial section and the position of the jet axis at 

the end of the initial section, having required that at the end of the initial section the boundaries of the core in the 

upper and lower parts of the jet converge at a point, i.e., using the condition 

Y21 = Y22 = Y0 (Xin) at x = Xin. (1.11) 

Having written Eqs. (1.9) at i = 2, and x = xi, using condition (1.11), and having solved the obtained 

equations simultaneously relative to Xin and Y0 (Xin), we obtain 

fl2Xi n = 1 1 9O (m2) -- 9o (ml) (1.12) 
9o(ml) 9o(m2),  Y0(Xin) = ~  9o(ml) + 9 o ( m 2 ) '  
- -  - [ -  - -  
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The density profile which should be known for calculation of integrals (1.6) will be determined from the 

equation of state with the assumption of linear temperature variations in the mixing zones [2 ]: 

T -  Ts i  _ (1.13) 
To_T  i 1 - r / i  

and 

where 

p__ = 1 (1.14) 
Po 1 - (1 - Oi) rli ' 

(1.15) 
oi - 7 .  0 �9 

Integral (1.6) can be taken easily with the help of Eqs. (1.3) and (1.14). The calculated plot of integrals 

versus temperature ratio (1.15) is shown in Fig. 2. From this plot characteristics of the mixing zones, the length 

of the starting section, and the position of the axis of the jet at the end of the initial section can be calculated easily 

from formulas (1.9), (1.10), and (1.12). 
As can be seen from Fig. 3, asymmetry of the boundary conditions has a great effect on the characteristics 

of the jet. It should be noted that the position of the jet at the end of the initial section can change its sign, depending 

on the temperature ratio at the boundaries of the jet and the length of the initial section can decrease severalfold 

with a preset ml.  
2. Let a fuel jet flow out of a plane nozzle into an oxidant medium flowing on one side of the jet. It will be 

assumed that the other side of the fuel jet interacts with combustion products having a low negative velocity that 

can be assumed zero to a first approximation. As has been mentioned above, this flow pattern occurs in a combustion 

chamber at the center of which (inside the circular jet) a weak circulating flow of combustion products arises due 

to ejection of transverse jets in the downstream flow, and a circular flow of oxidant  moves between the jet and the 

wall. In the case of combustion the flame front arises in the external part of the jet (on the side of the oxidant) 

(see Fig. lb) .  
On the flame front the fuel and oxidant concentrations are zero and the transverse flows of the fuel and 

oxidant are in a stoichiometric ratio 

OXox/ Oy (2.1) 
L - 0a:fu/0~--- ~ at y : y f . f .  

Since a jet with combustion differs from a nonisothermal jet only by the presence of a flame front, all the 

formulas obtained here earlier for a nonisothermal jet are also valid for a jet with combustion. However, integrals 

(1.6) should be calculated with combustion taken into consideration since the temperature and density in the mixing 

zones depend on the density and temperature of the gases on the flame front. 

It will be assumed that in the mixing zones the concentrations of the oxidant, combustion products, and 

fuel change following the linear law from the external boundary to the flame front and from the flame front to the 

boundary of the potential core in the external mixing zone and from the boundary of the potential core to the 

boundary of the jet - in the internal mixing zone, i.e., 

- - Y - Y x l  ( 2 . 2 )  Y Yf.f Yf.f Y tC N = teN1 �9 
K~ = K~  Yl l  - -  Yf.f ' Kfu = g f u 2  Yf.f Y21 ' Y l l  - -  Y21 

From Eqs. (2.2) and (2.1) we can easily obtain the relation between the stoichiometric ratio L, initial 

concentrations of the fuel and oxidant, and the ordinates of the boundaries of the upper zone: 

tCoxl Yf.f --  Y21 (2.3) 
Z = - -  

tCful Y l l  - -  Yf.f 
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Fig. 2. Plot of the integrals I]; Ai], and B] versus the parameter O. 

Fig. 3. Changes in the length of the initial section (a) and the position of the 

axis of the jet (b) as a function of the parameters ml,  m2, 01, 02: at m2 = O: 

1) 0 = 0.5; 02 = 2.0; 2) 0 = 2.0; 02 -- 0.5; 3) 0t = 0.5; 0z = 1.0; 4) 0~ = 1.0; 02 

= 0 . 5 ;  a t  m 2  = m l ;  5 )  m l  = m 2  = 0;  0 . 2 ;  0 . 4 ;  01 --- 02 = 0 . 5 .  

Using Eq. (2.3), it is possible to determine the ordinate of the flame front at the end of the initial section 

Yf.f.in assuming Y21 = yo(x/) --- Y22. After simple transformations we obtain 

L Yll (xin) ~cfu---~2 + Y0 (xin) 
Xoxl (2.4) 

Yf.f.n = tCfu 2 
I + L ~  

tCox 1 

The concentration of the combustion products in the upper mixing zone can be found from the relations 

following from the definition of the concept of concentration: 

KN + gox + /r = 1 at Yf.f < Y <-- Yll ; (2.5) 

X N + X f u + X c . p =  1 at Y21 - Y  <yf.f"  

When determining the concentration of combustion products, it should be borne in mind that the following 

conditions should be satisfied 

Xfu= l ,  x N = x c .  p = 0  at Y = Y 2 t ;  

Xfu ---- 0 ,  tr ---=/ON1 , tCc. p = 1 -- XN1 at y = yf.f ; (2.6) 
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IC N = /ON1 , /Cc. p = 0 ,  %x = 1 -- KN1 = /%xl at Y = Yl 1 �9 

With condit ions (2.5) and  (2.6) taken into considerat ion,  the concentra t ion of combust ion products  can be 

calculated f rom the  formula  

t~c. p = 1 - teN1 -- /%xl 
Y -  Yf.f 

at Yf.f < Y -< Yl 1 ; 
Yll - -  Yf.f 

Y -- Y21 Yf.f - Y 
= at Y21 < Y < Yf.f" /r 1 - /r Yl 1 -- Y21 /r yf.f _ Y21 

(2.7) 

In  the low combust ion  zone only combust ion  products  a re  present ,  which can include neutra l  gas  a n d  the  

fuel. Here  the following condit ions should be satisfied 

/r ----- 0 at Y = Y12 ; Kfu =/~fu2 at Y = Y22- ~ . (2 .8 )  

Then ,  with the assumpt ion  of l inear variat ion of the  fuel concentra t ion,  we have 

Y - Ylz (2.9) 
Y - Y12 and  Xc. p = 1 - tCfu 2 Y22 Y12 gfu = tCfu2 Y22 - Yl2 - " 

It should  be noted  that  the composit ions of the combust ion products  are  different  in the upper  and  lower 

zones,  which should  be taken into considerat ion in de terminat ion  of the densi ty  of gases in each of the  mixing  

zones (this dens i ty  should  be known for calculation of the integrals) .  

T h e  rat io of the densit ies of the  gas mixture  in the cross-sect ions of the mixing zone can be found  f rom 

the formula  (see [1 ]) obta ined  with the equation of state for  a gas mixture:  

p T O 1 (2.10) =-= ( )( ) P0 T ~ to___(_/ ,Ufu 2 

i ~fu2 - ~ /  

Here  ~i and/~i  are  the concentra t ion and  specific weight  of each of the components  of the mixture;  Po a n d  

TO are the dens i ty  and  tempera ture  of the fuel in the core of the jet. 

The  t empera tu re  profile in the cross-sections of the initial section of the jet is a s sumed  to be l inear  in the  

cross-sect ion of the jet f rom the flame front  to the external  b o u n d a r y  of the jet and  from the f lame f ront  to the  

b o u n d a r y  of the core of the jet: 

T - Tfu 2 Y - Y21 
at Y21 < Y < Yf.f ; 

Tf.f - Tfu 2 - yf.f - 3'21 (2.11) 
T - Tox 1 Yll - Y 

at Yf.f < Y -< Yll �9 
Tf.f - Tox 1 Y11 - Yf.f 

The  tempera tu re  of gases on the f lame front  can be de te rmined  from the balance of enthalpies (see [1 ]). However ,  

it is known exper imenta l ly  that  in combust ion of h y d r o c a r b o n  fuels and  hyd rogen  this t empera ture  changes  in a 

very nar row range  and  it can be assumed to be known and  equal to 2000 K. 

Since in the  mixing zone from the b o u n d a r y  of the  jet to the f lame front  and  from the f lame front  to the  

core of the  jet, the  gas composit ion is different,  it is evident tha t  integrals (1.6) should  be divided into two integrals  

to be calculated separately.  
Tab le  1 contains  the calculated lengths of the  initial section, ra tes  of expans ion  of the  external  and  in ternal  

mixing zones 5'1 and  5'2, shift of the jet axis at the end of the initial section y0 (Xin ) ,  and  the boundar ies  of the jet 

for a submerged  isothermal  jet m 1 = m2 = 0, an isothermal  jet with ml -- 0.2 and  m2 = 0, a non i so the rmal  jet with 

rnl = 0.2 and  m2 = 0, T,~I/To = 6.67, and  a jet of me thane  in an  air flow at Tf . f /Tfu  = 6.67; ml  = 0.2, an d  m2 = 

0. It is a s sumed  here  tha t  the tempera ture  of combust ion  products  on the b o u n d a r y  of the internal  mixing zone is 

equal to the t empera tu re  on the f lame front. For  a jet with combust ion,  the ord ina te  of the f lame front  de t e rmined  

f rom formula  (2.4) is given in Table  1. It can be seen that  u n d e r  similar  condit ions the length of the initial sect ion 
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TABLE 1. Calculated Characteristics of the Flow 

Jet xin 6'1 6'2 YO(Xin ) YlI Y12 Yf.f 

Isothermal jet, 

ml =m2=0  

Isothermal jet, 

m 1 =0.2, m 2 = 0  

Nonisothermal jet, 

ml -- 0.2, m2 = 0, 

T ~ I / T  o = T , ~ 2 / T  o = 

6.67 

Jet with combustion 

T f . f / T  0 = T c . p / T  0 = 

6.67, ml = 0.2, 

m 2 = 0  

5.09 

5.98 

14.34 

12.69 

0.264 

0.173 

0.147 

0.15 

0.264 

0.264 

0.205 

0.216 

0.09 

0.07 

0.08 

1.34 

1.12 

2.18 

1.98 

1.34 

1.49 

2.86 

2.66 1.94 

of the nonisothermal jet and the jet with combustion is more than twice as long as the length of the initial section 

of the isothermal submerged jet and the isothermal jet in asymmetric conditions. The difference between the 

characteristics of the initial section of the jet with combustion and the nonisothermal jet in a flow with a temperature 

equal to the temperature on the flame front is slight. It can be also seen that the ordinate of the flame front is close 

to the ordinate of the boundary of the jet and therefore in calculation of the integrals in the equations, it can be 

assumed for simplicity that the ordinates of the flame front and the boundary of the jet coincide in the initial 

section. 

In conclusion it should be noted that the present method can be used to calculate in a very simple way the 

characteristics of a complicated flow occurring in the initial section of a plane jet developing in asymmetric 

conditions. The effect of asymmetry of the boundary conditions is so great that it should be included obligatorily 
under practical conditions. 

The work has been conducted with financial support of the Russian Basic Research Foundation (the Project 

code is 93-013-17501). 

NOTATION 

b0, width of the slot; L, stoichiometric ratio; m, ratio of the flow velocity to the velocity in the jet core; R c, 

radius of the chamber; T, temperature; u, velocity; x, y, instantaneous longitudinal and transverse coordinates; Xin, 

length of the initial section; Y0, ordinate of the jet at the end of the initial section; yf.f, ordinate of the flame front; 

fl  = l i /6 i ;  d, width of the mixing zone; ~c, concentration; #, specific weight of the gas; p, density of the gas. Subscripts: 
0, core of the jet; 1, 2, inside and outside of the jet; 11, 12, refers to internal and external boundaries of the mixing 

zone from outside of the jet; 12, 11, refers to the internal and external boundaries of the mixing zone from inside 

of the jet; i = 1 ; N, neutral gas; f-u, fuel; in, initial section; ox, oxidizer; c.p, combustion products; f.f, flame front; 
61, 62, refer to a parameter on the internal and external boundaries of the jet. 
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